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ABSTRACT
We construct a double of a free group which has an unsolvable occurrence
problem, and is (therefore) not LERF.

Let G = Fy xy F» where Iy and F, are free groups of rank 2, and N is a
normal subgroup of index 3. Assume further that G is a double, i.e. there is
an isomorphism w: Fy — Fy which is the identity on N. We exhibit a finitely
generated subgroup H of G such that for ¢ € G there is no algorithmic procedure
which decides whether or not g € H. It follows that G is not LERF (locally
extended residually finite = subgroup separable, i.e. for any element and for any
finitely generated subgroup not containing it there is a finite image of the group
that separates them).

By contrast, in [GR] some conditions are given that guarantee that the double
of a free group over certain finitely generated subgroups is LERF.

Consider the group

G = (x1,y1, T2, y2| 23 = 23,93 = 13, 21y7 " = 2oyt 2y a7 = odyy agt).
Let Fi = (z1,31), F2 = (z2,92), N = (¢},93, 2197, 2}y '27?). Obviously G =
F1xn Fy, F) and F; are free groups of rank 2, N<aFy, NaF,, and Fy /N & F, /N &

(3, a cyclic group of order 3.
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Let
A = (a,b| r1(a,b),...,rm(a,b))

be any finitely presented 2-generator group. Take

_ -1 .2 -1_-1 : .
Si—Ti(xllh ,1'13/1 xl )7 1SZSm7

— ~1,2 ~-1_-1 ,3 3
H—<$1y2 sy T1Yo T 7x17y2331752a"-73m>~

LEMMA 1: H/HN N is a free group of rank 2 generated by the images of z,y; "

and z3y; 'zt

Proof: Identify H/H N N with a subgroup of G/N = C; * C3 = (c1, c2| ¢3, ¢c3),
where the isomorphism takes z; and y; to ¢; and x5 and y, to co. The elements

1

cic; ! and cic;'cy! generate a free subgroup of rank 2 of C3 * C3, whence the

lemma.
Define a: G — G by a(z1) = a(x2) = z1,a(y1) = a(yz) = y2. Consider the
inner automorphisms of G induced by z; and xz;. Obviously their restrictions to

N coincide, and the same is true for y; and yy. Therefore
LeEMMA 2: For g € G,h € N, we have ghg~! = a(g)ha(g) L.
LEMMA 3: HNN = (23,93,81,82,. .-, 8m)"
Proof: Clearly, (3,43, 51,52,...,5m) C HNN, s0 (23,93, 81,82, .., 8m)N C N.
Let h € (x3,93, 51,52, ..,5m) and g € N. We have

a(N) = a((a}, v}, z1y; s 2lyr 'erh)) = (F, 93, 21y 2fys T2y t) C H,
so by Lemma 2,

ghg™ = a(g)ha(g)™* € H,

therefore (23,13, 51,82,...,8m)N C HNN.
For the proof of the reverse inclusion put L = (z3,3,51,582,...,5m)", and

21 = xlyz‘l, 29 = x%yz’lwl_l. Every element h € H can be written in the form
(*) h= tozflltlzf:tg s tn_lzf: tn

where t; € L,i; = 1 or 2, ¢; =1 or —1. It follows from Lemma 1 that h€ HNN
if and only if

1,62, 6
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Given h € H N N, assume that in (x) n is minimal possible. We claim that
n = 0. Otherwise, there is a subword of (*) of the form z{tz; €, ¢t € L. Then for
uy = 2197 ug = ziy; 'z, by Lemma 2,
2527 = afu)ta(uf) ™t = uitu; = t' € L,
because uy,ug € N. Substituting ' for z§tz; ¢ we decrease n, which is a contra-
diction. Therefore n =0,h =1ty € L,so HNN C L= (z},43,51,52,...,5m)".
LEMMA 4: NJHNN & A.

Proof: Note that z3,y3, z1y7 ", 23y *z] " freely generate N. By Lemma 3,

N/HON (x,yz,xlyl xfyl_lzl_llx?,y%,sl,...,sm)
g<1:1yl ,$1y1 x] |31a ,3m>
=(z1yrt 2iyr eT (e ey e ), (@i 2Ty e Y)

{a,b| r1(a,b),...,rm(a,b)) = A.

We conclude that for any word w on the letters a, b, the equality w(a,b) =1
holds in A if and only if w(z1y7t, z?yr 27!) € Hn N. Taking A with an
unsolvable word problem (see, e.g., [R], Ch. 12) we obtain that for g € G there
is no algorithmic procedure which decides whether or not g € H. Thus we have
proved the following

THEOREM: G has an unsolvable occurrence problem.

Note that it was shown by K. A. Mikhailova [M] that the free product of groups
with a solvable occurrence problem also has a solvable occurrence problem.

COROLLARY: G is not LERF.

Indeed, it is well-known that for every LERF group the occurrence problem is
solvable.
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